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A hybrid spin-electron system defined on one-dimensional double-tetrahedral chain, in which the
localized Ising spin regularly alternates with two mobile electrons delocalized over a triangular pla-
quette, is exactly solved with the help of generalized decoration-iteration transformation. It is shown
that a macroscopic degeneracy of ferromagnetic and ferrimagnetic ground states arising from chiral
degrees of freedom of the mobile electrons cannot be lifted by a magnetic field in contrast to a
macroscopic degeneracy of the frustrated ground state, which appears owing to a kinetically-driven
frustration of the localized Ising spins. An anomalous behavior of all basic thermodynamic quanti-
ties can be observed on account of massive thermal excitations, which mimic a temperature-driven
first-order phase transition from the non-degenerate frustrated state to the highly degenerate ferri-
magnetic state at non-zero magnetic fields. A substantial difference in the respective degeneracies
is responsible for an immense low-temperature peak of the specific heat and very abrupt (almost
discontinuous) thermal variations of the entropy and sublattice magnetizations.
PACS numbers: 05.50.+q, 75.10.Jm, 75.10.Pq, 75.30.Kz, 75.40.Cx, 75.30.Sg
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I. INTRODUCTION
Exactly solvable models are of great importance in sta-
tistical physics because they offer a valuable insight into
diverse aspects of quantum, cooperative and critical phe-
nomena [1–3]. It is worthwhile to remark that an exact
solvability of the most famous lattice-statistical models
is usually restricted to one dimension only, while the list
of two- and three-dimensional rigorously solved models
is much more limited [2]. This fact closely relates to a
rather intricate nature of mathematical treatment, which
must be employed in seeking an exact solution of even
relatively simple interacting many-body systems [4]. A
particularly fruitful idea for suggesting novel exactly sol-
uble models with peculiar quantum manifestations con-
sists in linking relatively small quantum systems through
classical Ising spins. To get a closed-form exact solu-
tion for these hybrid classical-quantum models one may
take advantage of generalized algebraic transformations,
which establish a rigorous mapping correspondence with
a simpler (fully classical) lattice-statistical model with
the known exact solution [5–8].
Until recently, the concept of algebraic mapping trans-
formations has been widely applied mainly to the Ising-
Heisenberg spin systems, which are composed of small
clusters of quantum Heisenberg spins coupled together
through classical Ising spins only (see, e.g., Refs. [8–12]
and references therein). However, it has been shown later
∗Electronic address: galisova.lucia@gmail.com
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on that this conceptually simple approach is also appli-
cable for spinless fermion models when ignoring the hop-
ping term on particular lattice sites [13, 14], or for hy-
brid spin-electron systems, where finite clusters includ-
ing a few mobile electrons are mutually inter-connected
through the localized Ising spins in order to form either
one- [15–21] or two-dimensional [22–25] lattice.
In the present work, we will propose and exactly solve
the hybrid spin-electron system on a double-tetrahedral
chain in a magnetic field. To achieve an exact solv-
ability of this model, we will suppose that the local-
ized Ising spins placed at nodal lattice sites regularly
alternate with triangular plaquettes available to mobile
electrons. It is worth mentioning that the geometry of
double-tetrahedral chain was theoretically introduced by
Mambrini et al. [26] when examining the residual entropy
and spin gap in the respective Heisenberg model. Since
that time, several other models with this lattice geome-
try have been discussed in literature, namely, the spinless
fermion model [14], the Heisenberg and Hubbard models
[27–30] and the Ising-Heisenberg model [31, 32]. A pos-
sible experimental realization of the double-tetrahedral
chain is realized in the copper-based polymeric chain
Cu3Mo2O9 [33–35].
The outline of this paper is as follows. In Sec. II
we will describe in detail the investigated spin-electron
double-tetrahedral chain and then, the most important
steps of an exact mapping method will be clarified. In
Sec. III we will discuss the most interesting results for the
ground state, the magnetization process and temperature
dependences of basic thermodynamic quantities (magne-
tization, entropy, specific heat). The paper ends up with
a brief summary of our findings in Sec. IV.
2FIG. 1: (Color online) A part of the spin-electron system on
a double-tetrahedral chain. Full circles denote nodal lattice
sites occupied by the localized Ising spins, while the empty
circles forming triangular plaquettes are available to mobile
electrons.
II. SPIN-ELECTRON
DOUBLE-TETRAHEDRAL CHAIN
Let us consider the one-dimensional double-tetrahedral
chain, in which one localized Ising spin placed at nodal
lattice site regularly alternates with a triangular plaque-
tte consisting of three equivalent lattice sites available to
two mobile electrons (see Fig. 1). This one-dimensional
spin-electron system may alternatively be viewed as the
spin-1/2 Ising linear chain, the bonds of which are dec-
orated by triangular plaquettes available to two mobile
electrons. From this perspective, the total Hamiltonian
can be defined as a sum over cluster Hamiltonians Hk:
H =
N∑
k=1
Hk, (1)
whereas each cluster Hamiltonian Hk involves all the in-
teraction terms connected to the mobile electrons from
the kth triangular plaquette:
Hk = −t
∑
α=↑,↓
(c†k1,αck2,α+ c
†
k2,αck3,α+ c
†
k3,αck1,α+ h.c.)
+
J
2
(σzk + σ
z
k+1)
3∑
j=1
(nkj,↑ − nkj,↓) + U
3∑
j=1
nkj,↑nkj,↓
− HI
2
(σzk + σ
z
k+1)−
He
2
3∑
j=1
(nkj,↑ − nkj,↓). (2)
Above, c†kj,α and ckj,α represent usual fermionic creation
and annihilation operators for mobile electrons from the
kth triangular plaquette with spin α = ↑ or ↓, nkj,α =
c†kj,αckj,α is the respective number operator, σ
z
k = ±1/2
labels the Ising spin placed at the kth nodal lattice site
and N denotes the total number of nodal lattice sites.
The hopping parameter t > 0 takes into account the ki-
netic energy of mobile electrons delocalized over trian-
gular plaquettes, U ≥ 0 represents the on-site Coulomb
repulsion between two electrons of opposite spins occu-
pying the same lattice site and J stands for the Ising
coupling between the mobile electrons and their nearest
Ising neighbors. Finally, HI and He are the Zeeman’s
terms accounting for the magnetostatic energy of the lo-
calized Ising spins and mobile electrons in a presence of
the external magnetic field.
A crucial step of our calculations lies in the evaluation
of the partition function for the investigated spin-electron
double-tetrahedral chain. With regard to a validity of the
commutation relation between different cluster Hamilto-
nians [Hk,Hl] = 0 (k 6= l), the partition function Z can
be partially factorized into a product of cluster partition
functions Zk:
Z =
∑
{σk}
N∏
k=1
Trke
−βHk =
∑
{σk}
N∏
k=1
Zk, (3)
where β = 1/T is the inverse temperature (we set
kB = 1), the symbol
∑
{σk} denotes a summation over all
possible states of the localized Ising spins and the symbol
Trk labels a trace over degrees of freedom of two mobile
electrons from the kth triangular plaquette. The clus-
ter partition function Zk can be subsequently acquired
by a diagonalization of the cluster Hamiltonian (2). The
relevant calculation is easy to accomplish in a matrix
representation of the Hilbert subspace corresponding to
the cluster Hamiltonian (2), which is spanned over the
following orthonormal basis of the electron states:
|ψk〉 = {c†k1,↑c†k2,↑|0〉, c†k2,↑c†k3,↑|0〉, c†k3,↑c†k1,↑|0〉,
c†k1,↓c
†
k2,↓|0〉, c†k2,↓c†k3,↓|0〉, c†k3,↓c†k1,↓|0〉,
c†k1,↑c
†
k1,↓|0〉, c†k2,↑c†k2,↓|0〉, c†k3,↑c†k3,↓|0〉,
c†k1,↑c
†
k2,↓|0〉, c†k2,↑c†k3,↓|0〉, c†k3,↑c†k1,↓|0〉,
c†k1,↓c
†
k2,↑|0〉, c†k2,↓c†k3,↑|0〉, c†k3,↓c†k1,↑|0〉}. (4)
(|0〉 labels the vacuum state). A straightforward diago-
nalization of the cluster Hamiltonian (2) in the relevant
Hilbert subspace gives fifteen eigenenergies:
E1,2 = − hI + he − t,
E3,4 = − hI − he − t,
E5,6 = − hI ± he + 2t,
E7,8 = − hI − t,
E9 = − hI + 2t,
E10,11 = − hI + 1
2
[
t+ U+
√
(U− t)2+ 8t2
]
,
E12,13 = − hI + 1
2
[
t+ U−
√
(U− t)2+ 8t2
]
,
E14,15 = − hI − 1
2
[
2t− U±
√
(U+ 2t)2+ 32t2
]
. (5)
Here, we have introduced the following notation hI =
HI(σ
z
k + σ
z
k+1)/2 and he = J(σ
z
k + σ
z
k+1) − He in order
to write the eigenvalues (5) in a more abbreviated form.
The complete set of the eigenvalues (5) allow us to obtain
the resulting expression for the cluster partition function:
Zk =
15∑
j=1
e−βEj = eβhI
{(
2eβt+ e−2βt
)
[1+2cosh(βhe)]
+ 4e−βt/2−βU/2 cosh
[
β
2
√
(U− t)2+ 8t2
]
3+ 2eβt−βU/2 cosh
[
β
2
√
(U+ 2t)2+ 32t2
]}
. (6)
It should be pointed out that the cluster partition func-
tion (6) still depends through the newly defined param-
eters hI and he on the Ising spins σk and σk+1 attached
to the mobile electrons from the kth triangular plaque-
tte. Next, one can perform the generalized decoration-
iteration mapping transformation [5–8]:
Zk =
15∑
j=1
e−βEj = eβhI
{(
2eβt+ e−2βt
)
[1+2cosh(βhe)]
+ 4e−βt/2−βU/2 cosh
[
β
2
√
(U− t)2+ 8t2
]
+2eβt−βU/2 cosh
[
β
2
√
(U+ 2t)2+ 32t2
]}
= A exp
[
βJeffσ
z
kσ
z
k+1 + βHeff(σ
z
k + σ
z
k+1)/2
]
, (7)
which provides an exact mapping relation between
the partition function Z of the spin-electron double-
tetrahedral chain and, respectively, the partition func-
tion ZIC of the spin-1/2 Ising chain with the effective
nearest-neighbor coupling Jeff and the effective magnetic
field Heff after substituting Eq. (7) into Eq. (3):
Z(β, J, t, U,HI, He) = ANZIC(β, Jeff , Heff). (8)
The mapping parameters A, Jeff and Heff emerging in
Eq. (8) can be obtained from the ’self-consistency’ con-
dition of the applied decoration-iteration transformation:
A =
4
√
(W− +W ) (W+ +W ) (W0 +W )
2
,
Jeff = T ln
[
(W− +W )(W+ +W )
(W0 +W )2
]
,
Heff = HI + T ln
(
W− +W
W+ +W
)
, (9)
and the functions W∓, W0 and W are defined as:
W∓ =
(
2eβt + e−2βt
)
[1 + 2 cosh (βJ ∓ βHe)] ,
W0 =
(
2eβt + e−2βt
)
[1 + 2 cosh (βHe)] ,
W = 4e−βt/2−βU/2 cosh
[
β
2
√
(U− t)2+ 8t2
]
+2eβt−βU/2 cosh
[
β
2
√
(U+ 2t)2+ 32t2
]
. (10)
Note that the partition function of the spin-1/2 Ising
chain in a magnetic field has exactly been calculated us-
ing the transfer-matrix method [1, 36]. From this point
of view, an exact calculation of the partition function
of the spin-electron double-tetrahedral chain is also for-
mally completed.
Exact results for other thermodynamic quantities fol-
low directly from the mapping relation (8). Actually,
the Gibbs free energy G of the spin-electron double-
tetrahedral chain takes the form:
G = −T lnZIC −NT lnA, (11)
which can be further used for the calculation of the en-
tropy S and the specific heat C:
S = −
(
∂G
∂T
)
H
, C = −T
(
∂2G
∂T 2
)
H
, (12)
as well as the sublattice magnetizations mI and me nor-
malized per one localized Ising spin and mobile electron,
respectively:
mI = − 1
N
(
∂G
∂HI
)
, me = − 1
2N
(
∂G
∂He
)
. (13)
In view of this notation, the total magnetization nor-
malized per one magnetic particle of the spin-electron
double-tetrahedral chain can be expressed as:
m =
1
3
(mI + 2me) . (14)
III. RESULTS AND DISCUSSION
In this section, we will proceed to a discussion of the
most interesting results for the investigated spin-electron
double-tetrahedral chain by considering the particular
case with the antiferromagnetic interaction J > 0 be-
tween the localized Ising spins and mobile electrons. To
reduce the total number of free interaction parameters,
we will assume equal magnetic fields acting on the Ising
spins and mobile electrons, i.e. HI = He ≡ H ≥ 0.
A. Ground state
To get the ground state of the investigated spin-
electron model, it is sufficient to find the lowest-energy
eigenstate of the cluster Hamiltonian (2) that can be
simply extended to the whole double-tetrahedral chain
due to the commuting character of the cluster Hamilto-
nians. The lowest-energy eigenstate can be obtained by
inspection from the full spectrum of eigenvalues (5) of
the cluster Hamiltonian (2) after taking into account all
four available states of two nodal Ising spins σk and σk+1
involved therein. In this way, one finds three different
macroscopically degenerate ground states: the ferromag-
netic (FM) state, the ferrimagnetic (FRI) state and the
frustrated (FRU) state, which are unambiguously char-
acterized by the following eigenvectors and energies:
|FM〉 =
N∏
k=1
|↑〉σk ⊗
{ |φ+↑ 〉k
|φ−↑ 〉k
,
EFM = N
2
(2J − 3H − 2t) ; (15)
4|FRI〉 =
N∏
k=1
|↓〉σk ⊗
{ |φ+↑ 〉k
|φ−↑ 〉k
,
EFRI = −N
2
(2J +H + 2t) ; (16)
|FRU〉 =
{ N∏
k=1
|↑〉σk
|↓〉σk
}
⊗ |φ0〉k, H = 0
N∏
k=1
|↑〉σk ⊗ |φ0〉k, H > 0
EFRU = N
2
(
U −H − 2t−
√
(U + 2t)2 + 32t2
)
.(17)
In above, the product runs over all primitive unit cells,
the state vector |↑〉σk (|↓〉σk) determines up (down) state
of the kth localized Ising spin σzk = 1/2 (σ
z
k = −1/2).
The state vectors |φ+↑ 〉k and |φ−↑ 〉k emerging in Eqs. (15)
and (16) label two eigenstates of the mobile electrons
with a positive and negative chirality:
|φ+↑ 〉k =
1√
3
(c†k1,↑c
†
k2,↑+ ωc
†
k2,↑c
†
k3,↑+ ω
2c†k3,↑c
†
k1,↑)|0〉,
|φ−↑ 〉k =
1√
3
(c†k1,↑c
†
k2,↑+ ω
2c†k2,↑c
†
k3,↑+ ωc
†
k3,↑c
†
k1,↑)|0〉,
ω = e2pii/3 (i =
√−1), (18)
while the last eigenstate of the mobile electrons |φ0〉k
appearing in Eq. (17) refers to a non-chiral state with a
zero current:
|φ0〉k = 1√
6
[
sinϕ (c†k1,↑c
†
k2,↓+ c
†
k2,↑c
†
k3,↓+ c
†
k3,↑c
†
k1,↓
− c†k1,↓c†k2,↑− c†k2,↓c†k3,↑− c†k3,↓c†k1,↑)
+
√
2 cosϕ
3∑
j=1
c†kj,↑c
†
kj,↓
]|0〉. (19)
The mixing angle ϕ determining a quantum entangle-
ment of the relevant electron states within the eigen-
state (19) depends on a mutual competition between the
hopping term and Coulomb term through the relation
tanϕ =
√
2
8t (U + 2t+
√
(U + 2t)2 + 32t2).
It can be easily understood from Eqs. (15) and (16)
that the common feature of FM and FRI ground states
is a quantum entanglement of three ferromagnetic states
c†k1,↑c
†
k2,↑|0〉, c†k2,↑c†k3,↑|0〉, c†k3,↑c†k1,↑|0〉 of the mobile elec-
trons and hence, both ground states differ from each
other just by the respective spin arrangement of the lo-
calized Ising spins. While the Ising spins are aligned
into a direction of the external magnetic field within
the FM ground state appearing at high enough mag-
netic fields, they point in opposite direction in the FRI
ground state with regard to the antiferromagnetic cou-
pling with the mobile electrons. It should be stressed,
moreover, that the lowest-energy eigenstate (18) of the
mobile electrons is two-fold degenerate at each triangu-
lar plaquette due to two possible values of the scalar chi-
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FIG. 2: The ground-state phase diagram in the t/J − H/J
plane for the spin-electron double-tetrahedral chain with the
antiferromagnetic coupling J > 0 upon varying a relative
strength of the Coulomb term U/J = 0, 5, 20, ∞.
rality, which consequently leads to a substantial resid-
ual entropy S/3N = ln 21/3 of the FM and FRI ground
states.
However, the most spectacular ground state is real-
ized in the FRU phase, in which the mobile electrons
underlie a quantum superposition of six intrinsic antifer-
romagnetic states c†k1,↑c
†
k2,↓|0〉, c†k2,↑c†k3,↓|0〉, c†k3,↑c†k1,↓|0〉,
c†k1,↓c
†
k2,↑|0〉, c†k2,↓c†k3,↑|0〉, c†k3,↓c†k1,↑|0〉 and three non-
magnetic ionic states c†kj,↑c
†
kj,↓|0〉 (j = 1, 2, 3). The na-
ture of the FRU ground state consists in a kinetically-
driven spin frustration, the origin of which is quite similar
to that reported previously by Pereira et al. for the anal-
ogous spin-electron diamond chain [15, 16]. As a matter
of fact, the localized Ising spins are at a zero magnetic
field completely free to flip in arbitrary direction owing to
the kinetically-driven spin frustration caused by the anti-
ferromagnetic alignment of the mobile electrons, whereas
arbitrary but non-zero magnetic field tends to align them
into the external-field direction. The magnetic field thus
lifts the macroscopic degeneracy of the FRU ground state
(and the associated residual entropy S/3N = ln 21/3)
in contrast with two previously discussed FM and FRI
ground states, where the macroscopic degeneracy relates
to chiral degrees of freedom of the mobile electrons rather
than to a kinetically-driven spin frustration of the local-
ized Ising spins.
The ground-state phase diagram in t/J − H/J plane
involving all three possible ground states is depicted on
Fig. 2 for several values of the Coulomb term U/J . Ev-
idently, the FRI phase becomes a ground state at low
enough magnetic fields whenever the influence of the an-
tiferromagnetic Ising interaction J overwhelms the effect
of the hopping term t, i.e. whenever the hopping term is
smaller t < tb than the boundary value
tb = − U
18
+
1
18
√
(U + 6J)2 + 24UJ. (20)
5If the reverse condition t > tb holds, then, the FRU
phase is preferred as a ground state at sufficiently low
magnetic fields due to a predominant influence of the
kinetically-driven spin frustration. Of course, the inves-
tigated spin-electron double-tetrahedral chain undergoes
at high enough magnetic fields a field-induced phase tran-
sition towards the FM ground state with all nodal Ising
spins and mobile electrons fully polarized to the external-
field direction. Analytic expressions of the relevant first-
order phase transitions read:
FRI− FM: H = 2J, (21)
FRU− FM: H = J − U
2
+
1
2
√
(U + 2t)2+ 32t2. (22)
It is worthwhile to remark that the macroscopic degen-
eracy S/3N = ln 41/3 ≈ 0.4621 at the FRI–FM phase
boundary is greater than the macroscopic degeneracy
S/3N = ln 31/3 ≈ 0.3662 at the FRU–FM phase bound-
ary.
To complete our ground-state analysis, let us make
a few comments on a special limit of infinitely strong
Coulomb repulsion U/t → ∞ when a mutual effect of
the hopping and Coulomb term should be equivalent
to the antiferromagnetic Heisenberg coupling as it can
be proved within the second-order perturbation theory
[37]. The ground-state phase diagram of the investigated
spin-electron double-tetrahedral chain with two electrons
per triangular plaquette indeed becomes identical in the
U/t → ∞ limit with the ground-state phase diagram of
the spin-1/2 Ising-Heisenberg diamond chain (compare
Fig. 2 with Fig. 2b in Ref. [38]). However, there is
a fundamental difference in a character of the relevant
ground states: all three ground states of the spin-electron
double-tetrahedral chain exhibit a remarkable quantum
entanglement in contrast to a classical nature of spin ar-
rangements of two ground states (FRI and SPP) of the
spin-1/2 Ising-Heisenberg diamond chain [38]. Besides,
it is quite obvious that essential magnetic features of the
model under investigation do not qualitatively change
with the Coulomb term and hence, our further analy-
sis will be restricted to the particular case with the fixed
value of the on-site Coulomb repulsion U/J = 5.
B. Magnetization process
The spin-electron double-tetrahedral chain bears a
close relation to the spin-1/2 Ising-Heisenberg diamond
chain [38] as far as the behavior of magnetic quantities is
concerned. To illustrate this point, the total magnetiza-
tion is plotted in Fig. 3 against the magnetic field for the
fixed value of the Coulomb term, two values of the hop-
ping term and a few temperatures. As one can see, the
displayed magnetization curves are quite similar to that
of the spin-1/2 Ising-Heisenberg diamond chain (cf. with
Fig. 3 of Ref. [38]). In fact, the intermediate one-third
plateau can always be detected in low-temperature mag-
netization curves irrespective of whether the FRI or FRU
0.0
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 FRI-FM
m
 / 
m
sa
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FIG. 3: (Color online) The total magnetization normalized
with respect to its saturation value as a function of the
magnetic field at a few temperatures, the fixed value of the
Coulomb term U/J = 5 and two different values of the hop-
ping term t/J = 0.5 (upper panel), t/J = 0.6 (lower panel).
phase is realized as the ground state before the magne-
tization reaches saturation at sufficiently high magnetic
fields. In addition, the zero-temperature magnetization
curve starts from non-zero value in the asymptotic limit
of vanishing external field if the ground state is formed
by the FRI phase (the upper panel in Fig. 3), while it
starts from zero asymptotic limit on assumption that the
FRU phase constitutes the ground state (the lower panel
in Fig. 3). Both aforementioned features have been al-
ready found and discussed in depth in our previous work
concerned with the spin-1/2 Ising-Heisenberg diamond
chain [38]. In agreement with common expectations, the
one-third plateau as well as a steep increase in the mag-
netization observable near zero and saturation fields are
gradually smoothened upon increasing temperature.
C. Low-temperature thermodynamics
Let us examine in detail temperature variations of ba-
sic thermodynamic quantities such as the specific heat
and entropy. Fig. 4 shows temperature dependences of
the zero-field specific heat for a few different values of the
kinetic term t/J . According to Eq. (20), a relative size of
the hopping term as compared with the boundary value
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FIG. 4: (Color online) Temperature variations of the zero-
field specific heat for the special value of the Coulomb term
U/J = 5 and a few different values of the hopping term.
The upper (lower) panel shows thermal dependences when the
hopping term is smaller (greater) than the boundary value
tb/J = (
√
241 − 5)/18. The lowest dotted curve illustrates
thermal dependence exactly at the FRI–FRU phase boundary.
tb/J = (
√
241−5)/18 ≈ 0.5847 is conclusive whether the
FRI or FRU phase represents the actual ground state
when considering the special value of Coulomb repul-
sion U/J = 5. The upper (lower) panel thus demon-
strates temperature variations of the zero-field specific
heat, which are quite typical for the particular case with
the FRI (FRU) ground state. It is quite apparent from
Fig. 4 that temperature dependences of the zero-field
specific heat generally exhibit one broad maximum in a
high-temperature region regardless of whether the FRI
or FRU phase constitutes the ground state. Moreover,
there also may appear one additional Schottky-type max-
imum at a lower temperature if the hopping term t/J is
selected sufficiently close to the FRI–FRU phase bound-
ary. A position of the low-temperature peak moves to-
wards zero temperature as the kinetic term approaches
the boundary value tb/J given by Eq. (20) at which it
completely disappears (see dotted curve in Fig. 4). It
can be also seen from Fig. 4 that the low-temperature
Schottky-type peak gradually merges with a round high-
temperature maximum when the size of hopping term
varies further apart from the FRI–FRU phase boundary.
Furthermore, let us turn our attention to the effect of
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FIG. 5: (Color online) Temperature dependences of the spe-
cific heat for the special value of the Coulomb term U/J = 5,
the hopping term t/J = 0.6 and a few different values of the
external magnetic field H/J . The lowest dotted curve in the
upper panel shows the relevant zero-field dependence, while
the lowest short-dashed curve in the lower panel shows the
relevant dependence at the saturation field.
external magnetic field on temperature variations of the
specific heat. A few typical dependences are depicted
in Fig. 5 for the particular case with the fixed values
of Coulomb and hopping terms, which drive the model
system to the FRU ground state in a vicinity of the FRI–
FRU phase boundary. Under this condition, a relatively
small applied magnetic field is responsible for the ap-
pearance of a remarkable triple-peak dependence of the
specific heat, whereas the maximum found at the lowest
temperature can be ascribed to the Zeeman’s splitting of
energy levels of the frustrated Ising spins (see the curve
7H/J = 0.005 in the upper panel of Fig. 5). In accordance
with this statement, the maximum gradually shifts to-
wards higher temperatures with increasing magnetic field
until it merges with the intermediate maximum, which is
also present in the relevant zero-field dependence (dot-
ted curve in the upper panel). The intermediate maxi-
mum appears due to a thermal excitation from the FRU
ground state towards the low-lying FRI excited state once
the hopping term is selected slightly above the boundary
value (20) of the FRI–FRU phase boundary. However,
the most surprising finding is a rather abrupt rise of this
low-temperature peak at moderate values of the mag-
netic field (see the central panel of Fig. 5), the origin of
which will be examined in the following. Although the
height of the low-temperature peak is greatest around the
moderate magnetic fields H/J ≈ 1, the low-temperature
peak persists up the magnetic fields slightly above the
saturation field and it does not disappear neither at the
saturation field (see the short-dashed curve in the lower
panel of Fig. 5).
Let us provide a comprehensive understanding of the
origin of the sizable low-temperature peak, which occurs
in a thermal dependence of the specific heat at moderate
values of the magnetic field. To clarify this issue, we de-
pict in Fig. 6 temperature variations of the specific heat,
entropy and sublattice magnetizations for the set of pa-
rameters U/J = 5, t/J = 0.6 and H/J = 1 for which
this peculiar phenomenon is especially pronounced. It
is quite clear from the inset of Fig. 6 that the spe-
cific heat shows a very sharp peak in a relatively narrow
temperature range, which could easily be confused either
with the λ-type divergence accompanying a second-order
phase transition or the anomalous peak accompanying a
first-order phase transition. Although the temperature
dependence of the total magnetization does not exhibit
any striking feature, both sublattice magnetizations per-
tinent to the localized Ising spins and mobile electrons
exhibit very abrupt thermal variations (almost discontin-
uous jumps) from the values typical for the FRU phase
to the values typical for the FRI phase (see the lower
panel in Fig. 6). This result affords a convincing evi-
dence that the anomalous peak in the specific heat can
be attributed to vigorous thermal excitations from the
FRU ground state to the FRI excited state. A rather
steep increase observed in the relevant temperature de-
pendence of entropy (the central panel of Fig. 6) is also in
accordance with this statement, because almost discon-
tinuous jump between zero and ln 21/3 is consistent with
a zero-point entropy of the FRU phase and the residual
entropy of the FRI phase at non-zero magnetic fields.
It could be concluded that a substantial difference be-
tween degeneracies of the FRU and FRI states is re-
sponsible for vigorous thermal excitations manifested as
the anomalous peak of the specific heat, which mimic a
temperature-induced first-order phase transition between
the FRU and FRI states. In the consequence of that, one
may estimate a pseudo-critical temperature correspond-
ing to the massive thermal excitations from the FRU
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FIG. 6: (Color online) Temperature dependences of the spe-
cific heat (upper panel), entropy (central panel) and sublat-
tice magnetizations (lower panel) for the fixed values of the
Coulomb term U/J = 5, the hopping term t/J = 0.6 and the
magnetic field H/J = 1. The inset shows a detailed plot of
the specific heat in a low-temperature region within a log-log
scale.
phase to the FRI phase from the equality of Gibbs free
energies:
Tpc =
√
(U + 2t)2 + 32t2 − U − 2J
ln 4
. (23)
Even if a temperature change of the enthalpy and en-
tropy has been completely neglected by a derivation of
the pseudo-critical temperature, the formula (23) pro-
vides a very rather accurate estimate of the peak posi-
tion provided that the system is sufficiently close to the
FRU–FRI phase boundary, i.e. vigorous thermal excita-
tions between both states occur near zero temperature.
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FIG. 7: (Color online) The height (upper panel) and the
position (lower panel) of the low-temperature peak of the
specific heat, which occurs due to massive thermal excita-
tions from the non-degenerate FRU ground state towards
the highly degenerate FRI ground state when the hopping
term is selected slightly above the FRI–FRU phase boundary
t/J = tb/J + 0.02 and the Coulomb term varies U/J = 0, 5,
20.
Fig. 7 illustrates changes in the height and position of
the low-temperature maximum arising when the hopping
term t/J = tb/J + 0.02 is selected slightly above the
FRI–FRU phase boundary for a few specific values of
the Coulomb term U/J = 0, 5 and 20. In agreement
with previous argumentation, Fig. 7 confirms our state-
ment that the low-temperature peak shows the great-
est height around the moderate field H/J ≈ 1. More-
over, it can be also seen from the upper panel in Fig. 7
that the peak height generally increases with increasing
the Coulomb term. This result would suggests that the
Coulomb term supports temperature-induced excitations
between the FRU and FRI states. On the other hand,
the peak position remains unchanged around H/J ≈ 1
with an accuracy up to three decimal places, whereas it
shifts towards lower temperatures as the Coulomb term
increases (see the lower panel in Fig. 7).
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FIG. 8: (Color online) A density plot of the entropy as a
function of the magnetic field and temperature by assuming
the constant value of the Coulomb term U/J = 5 and two
different values of the hopping term t/J = 0.5 (upper panel)
and t/J = 0.6 (lower panel). The displayed curves correspond
to isentropy lines, namely, S/3N = 0.25, 0.3,. . . , 0.55 (black
solid curves), S/3N = ln 41/3 (white solid curve in the upper
panel), S/3N = 0.001 (black broken curve), and S/3N =
ln 21/3, ln 31/3 (white solid curves in the lower panel).
D. Enhanced magnetocaloric effect
Last but not least, we turn to a discussion of the mag-
netocaloric effect in its classical interpretation as an adi-
abatic change of temperature achieved upon varying the
external magnetic field. For this purpose, the density
plot of the entropy is depicted in Fig. 8 as a function
of the magnetic field and temperature for two different
magnetization scenarios discussed previously. Isentropic
changes of temperature upon varying the magnetic field
can be identified in Fig. 8 as contours of constant entropy
displayed by solid lines. The adiabatic demagnetization
related to the field-induced phase transition between the
FRI and FM phase can be analyzed from dependences
shown in the upper panel of Fig. 8. It is quite evident
that the model under investigation exhibits an enhanced
magnetocaloric effect in a vicinity of the relevant field-
induced transition whenever the entropy is set sufficiently
close to the value S/3N = ln 41/3 ≈ 0.4621, but temper-
ature finally tends towards a finite value as the magnetic
field vanishes. On the other hand, the enhanced mag-
9netocaloric effect during the adiabatic demagnetization
can be found at zero field as well as the relevant critical
field for another magnetization scenario pertinent to the
field-induced phase transition between the FRU and FM
phase (see the lower panel of Fig. 7). Under this circum-
stance, the most abrupt drop in temperature is achieved
under the adiabatic condition if the entropy is set suffi-
ciently close to the values S/3N = ln 21/3 ≈ 0.231 and
S/3N = ln 31/3 ≈ 0.3662, respectively. The adiabatic
change of temperature in response to the variation in a
magnetic field is unusually striking for the isentropy line
S/3N = ln 21/3 ≈ 0.231 (the lower white curve in the
lower panel of Fig. 8), for which temperature remains
nearly constant in a relatively wide range of the mag-
netic fields H/J ∈ (1/2, 3/2). This intriguing feature
can be attributed to the anomalous behavior of specific
heat discussed previously in Sec. III C, because the adi-
abatic change of temperature with the magnetic field is
inversely proportional to the specific heat and it is there-
fore negligible due to a sizable value of the specific heat.
IV. CONCLUSIONS
The present work deals with magnetic properties
of a one-dimensional double-tetrahedral chain of lo-
calized Ising spins and mobile electrons, which can
be exactly treated through the generalized decoration-
iteration transformation establishing a rigorous mapping
correspondence with a simple spin-1/2 Ising chain with
the effective nearest-neighbor interaction and effective
magnetic field. Our exact calculation have allowed us to
examine in detail the ground-state phase diagram, mag-
netization process, magnetocaloric effect, entropy and
specific heat. Although the investigated spin-electron
model on a double-tetrahedral chain resembles to a cer-
tain extent some magnetic features of the spin-1/2 Ising-
Heisenberg diamond chain (e.g., an intermediate one-
third plateau in a low-temperature magnetization curve,
enhanced magnetocaloric effect during the adiabatic de-
magnetization and temperature variations of the specific
heat with one, two or three separate peaks) [38], it also
displays a lot of other remarkable features not reported
in the literature hitherto.
In particular, we have found three different ground
states with an interesting quantum entanglement be-
tween states of the mobile electrons and a high macro-
scopic degeneracy. The ferromagnetic and ferrimagnetic
ground states are macroscopically degenerate due to chi-
ral degrees of freedom of the mobile electrons, while the
frustrated state displays a macroscopic degeneracy owing
to a kinetically-driven frustration of the localized Ising
spins. It has been evidenced that the residual entropy
due to the kinetically-driven spin frustration can be thor-
oughly lifted by the magnetic field unlike the residual en-
tropy connected to chiral degrees of freedom of the mobile
electrons. However, the most spectacular finding con-
cerns with the anomalous behavior of all basic thermody-
namic quantities if the hopping and Coulomb terms drive
the system to the frustrated ground state in a close vicin-
ity of the phase boundary with the ferrimagnetic state. A
substantial difference in the respective ground-state de-
generacies is responsible for an immense low-temperature
peak of the specific heat and very abrupt (almost dis-
continuous) thermal variations of the entropy and sub-
lattice magnetizations. The caution before interpreting
all aforementioned features as typical manifestations of
a phase transition should be accordingly made [39, 40],
because our exactly solved spin-electron chain serves in
evidence that all those outstanding features can origi-
nate from vigorous thermal excitations between a non-
degenerate ground state and a highly degenerate (low-
lying) excited state due to a high entropy gain.
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